We analyse the population of near-Earth Long-Period Comets (LPCs) (perihelion distances q < 1.3 AU and orbital periods P > 10 3 yr). We have considered the sample of LPCs discovered during the period 1900-2009 and their estimated absolute total visual magnitudes H. For the period 1900-1970 we have relied upon historical estimates of absolute total magnitudes, while for the more recent period 1970-2009 we have made our own estimates of H based on Green's photometric data base and IAU Circulars. We have also used historical records for the sample of brightest comets (H < 4.5) covering the period: 1500-1899, based mainly on Vsekhsvyatskii, Hasegawa and Kronk catalogues. We find that the cumulative distribution of H can be represented by a three-modal law of the form log 10 N <H = C + αH, where the C ′ s are constants for the different legs, and α ≃ 0.28 ± 0.10 for H < 4.0, α ≃ 0.56 ± 0.10 for 4.0 ≤ H < 5.8, and α ≃ 0.20 ± 0.02 for 5.8 ≤ H < 8.6. The large increase of the slope of the second leg of the H-distribution might be at least partially attributed to splitting of comet nuclei leading to the creation of two or more daughter comets. The cumulative H-distribution tends to flatten for comets fainter than H ≃ 8.6. LPCs fainter than H ≃ 12 (or diametres D < ∼ 0.5 km) are extremely rare, despite several sky surveys of near-Earth objects implemented during the last couple of decades, suggesting a minimum size for a LPC to remain active. We also find that about 30% of all LPCs with q < 1.3 AU are new (original bound energies 0 < E or < 10 −4 AU −1 ), and that among the new comets about half come from the outer Oort cloud (energies 0 
Abstract
We analyse the population of near-Earth Long-Period Comets (LPCs) (perihelion distances q < 1.3 AU and orbital periods P > 10 3 yr). We have considered the sample of LPCs discovered during the period 1900-2009 and their estimated absolute total visual magnitudes H. For the period 1900-1970 we have relied upon historical estimates of absolute total magnitudes, while for the more recent period 1970-2009 we have made our own estimates of H based on Green's photometric data base and IAU Circulars. We have also used historical records for the sample of brightest comets (H < 4.5) covering the period: 1500-1899, based mainly on Vsekhsvyatskii, Hasegawa and Kronk catalogues. We find that the cumulative distribution of H can be represented by a three-modal law of the form log 10 N <H = C + αH, where the C ′ s are constants for the different legs, and α ≃ 0.28 ± 0.10 for H < 4.0, α ≃ 0.56 ± 0.10 for 4.0 ≤ H < 5.8, and α ≃ 0.20 ± 0.02 for 5.8 ≤ H < 8. 6 . The large increase of the slope of the second leg of the H-distribution might be at least partially attributed to splitting of comet nuclei leading to the creation of two or more daughter comets. The cumulative H-distribution tends to flatten for comets fainter than H ≃ 8.6. LPCs fainter than H ≃ 12 (or diametres D < ∼ 0.5 km) are extremely rare, despite several sky surveys of near-Earth objects implemented during the last couple of decades, suggesting a minimum size for a LPC to remain active. We also find that about 30% of all LPCs with q < 1. 
Introduction
LPCs are natural probes to explore the comet reservoir in the outer reaches of the solar system. Due to their great gaseous activity, even small comets can be detected if they come close enough to the Sun. Kresák and Pittich (1978) estimated that about 60% of all LPCs in Earth-crossing orbits were being discovered by that time. As we will see below, the discovery rate has increased to near completion, at least for LPCs brighter than absolute magnitude ∼ 8.5. The degree of completeness falls sharply beyond Earth's orbit, as comets become fainter because they are less active and are farther away from Earth. Even when distant comets are discovered, it is very difficult to predict their absolute brightness (i.e. measured ideally at 1 AU from the Earth and from the Sun) because it depends on unreliable extrapolations in heliocentric distance. Therefore, we have to look with suspicion previous efforts to try to derive the magnitude distribution of LPCs based on samples containing distant comets (e.g. Hughes 1988 Hughes , 2001 ). We have thus decided to restrict our sample to comets with perihelion distances q < 1.3 AU because it is more complete and because their absolute magnitudes are obtained straightforward around r ∼ 1 AU, without needing to resort to uncertain large extrapolations.
Even though we have at present a rather good sky coverage that allows us to detect most of the comets coming close to the Sun, the computation of their masses or sizes remains as an extremely difficult task. Sosa and Fernández (2011) have derived the masses of a sample of LPCs from the estimated nongravitational forces that affect their orbital motion. They also found a correlation of the masses or sizes with the absolute total magnitude H, which can be expressed as log 10 R(km) = 0.9 − 0.13H,
where R is the radius of the comet nucleus, and we assume a mean bulk density of 0.4 g cm −3 for conversion of masses to sizes. Equation (1) will be very useful for our goals since it will allow us to get a rough idea of the sizes and size distribution of LPCs from the knowledge of their absolute total magnitudes. A potential shortcoming of equation (1) is that it has been derived from a rather limited range of magnitudes: H ∼ 5 − 9. We have then checked the validity of this equation for the brightest LPC we have in our sample: C/1995 O1 (Hale-Bopp), for which we find H = −1.7 (cf. 30 .7 AU to the Sun. From its observed magnitude and assuming a 4% albedo, the authors derive a radius of 60-65 km if the nucleus were inactive. Yet, the authors suggest that some low-level activity may still be present, so their estimated radius should be taken as an upper limit. In conclusion, the computed R value from equation (1) for Hale-Bopp may still be compatible with respect to its actual value. This gives us some confidence for the use of this equation for a range of H wider than that from which it has been derived.
From the computation of masses and sizes, Sosa and Fernández (2011) have found that LPCs are hyper-active, i.e. with gas production rates in general higher than those derived from thermal models of totally free-sublimating surfaces of water ice. This might be explained as the result of frequent mini-outbursts and liberation of chunks of icy material that quickly sublimate upon release, thus leading to erosion rates well above those theoretically expected from a surface of water ice on a free-sublimation regime. This agrees with copious evidence from the connection between meteoroid streams and some short-period comets, suggesting that the streams originate from discrete breakup events and release of dust and small fragments, rather than from the normal water ice sublimation (Jenniskens 2008 ). There are also many well documented cases of LPCs on Earth-crossing orbits that disintegrated during their passages as, for instance, comets C/1999 S4 (LINEAR), C/2004 S1 (van Ness) (Sekanina et al. 2005) , and C/2010 X1 (Elenin) (see, e.g., Mattiazzo's (2011) report). At least two of them (C/1999 S4 and C/2010 X1) seem to be new, namely coming into the inner planetary region for the first time (see Nakano Notes a and Kinoshita's electronic catalogue of comet orbits b suggesting that small, faint comets are not able to withstand a single perihelion passage close to the Sun. There are also other comets observed to split (e.g. Chen and Jewitt 1994, Sekanina 1997) , thus creating daughter comets that may last for several revolutions.
All the observed high activity and disintegration phenomena tells us that comets could not last long in bound small-q orbits so, either they are dynamically ejected, or they fade away after a few passages, at least those of typical kilometre-size. We will come back to this problem when we try to estimate the fraction of new comets among the LPC population.
The motivation of this paper is to rediscuss the magnitude distribution of LPCs. We want to compare our derived cumulative H-distribution with those from other authors (e.g. Everhart 1967b, Sekanina and Yeomans 1984 , Hughes 1988 ) and, in particular, to check if there ia a knee at H ∼ 6 at which the H-distribution passes from a steep slope to a shallow one. Once the magnitude distribution is derived, we will be able to determine the size distribution by means of equation (1), and to compare it with the size distributions of other populations of primitive bodies.
The paper has been organised as follows. The second section describes the chosen comet samples and the method developed to compute absolute total magnitudes. The third section analyses the completeness of our sample of discovered comets and potential observational biases. The fourth section deals with the cumulative distribution of absolute total magnitudes. The fifth section tries to answer the question: what is the fraction of new comets within the sample of observed near-Earth LPCs?. The sixth section discusses the physical processes leading to erosion and fragmentation of comet nuclei. The seventh section presents a simple numerical model that combines physical and dynamical effects to try to explain the main observed features of the cumulative magnitude distribution of LPCs and the observed ratio new-to-evolved LPCs. Finally, the eighth section summarises our main conclusions and results.
2 The computed absolute total visual magnitudes of LPCs
The samples
The samples adopted for photometric studies all involve LPCs in Earth-approaching or crossing orbits (perihelion distances q < 1.3 AU) for which we have a greater degree of a http://www.oaa.gr.jp/∼oaacs/nk.htm b http://jcometobs.web.fc2.com/ completeness and better photometric data. We have used the following source of data:
• Ancient LPCs (1500-1899) brighter than H = 4.5: we used as references the catalogues of Vsekhsvyatskii (1964a) , Hasegawa (1980) , and Kronk (1999 Kronk ( , 2003 . The sample of comets discovered in the period 1650-1899 brighter than H = 4, for which we have more reliable photometric and orbit data, is shown in Table 1 . It has been essentially extracted from Vsekhsvyatskii's catalogue.
• Modern LPCs (1900-1980): The magnitudes have been drawn from Vsekhsvyatskii (1964a) and furhter updates (Vsekhsvyatskii 1963 (Vsekhsvyatskii , 1964b (Vsekhsvyatskii , 1967 , and Vsekhsvyatskii and Il'ichishina 1971), Whipple (1978) , Morris (1976, 1982) . The magnitudes are shown in Table 2 .
• Recent LPCs (1970-2009) for which we made our own estimates of absolute magnitudes (see procedure below) based on Daniel Green's data base of reported visual magnitudes and International Astronomical Union Circulars (IAUCs) reports. The magnitudes are shown in Table 3 . 
The method
The precise determination of comet total magnitudes is an elusive problem since active comets do not appear as point-like sources but as nebulosities. Aperture effects are among the several causes that can make observers to underestimate the comet magnitudes. CCD estimates are found to be, in general, much fainter than the visual estimates (i.e. those made visually by telescope, binoculars or naked eye). From a small set of LPCs that have both visual and CCD magnitudes, taken at about the same time, we found that the CCD magnitudes are on average about 1.5 magnitudes fainter than the corresponding total visual magnitudes. Therefore, in our study we have used in the overwhelming majority of cases only visual estimates. Only for a few poorly observed comets we had to resort to CCD magnitudes. The absolute total magnitude H can be determined by means of
where m h is the heliocentric total magnitude (i.e. the apparent total magnitude m corrected by the geocentric distance ∆, m h = m − 5 log 10 ∆), r is the heliocentric distance in AU, and n is known as the photometric index. If n = 4 is assumed, the standard total magnitude H 10 is determined instead of H. The visual apparent magnitudes estimates were obtained from the International Comet Quaterly (ICQ) archive (except those observations prior to 2006, which were provided by Daniel W. Green), and from the IAUCs. We follow the procedure explained in Fernández (2009, 2011) to extract and reduce the observational data.
To determine H and n for a given comet from equation (2), we made a least-square linear fit between the estimated m h values evaluated at the observational times t and the logarithms of the computed distances r(t). For some comets the observational coverage was not good enough to properly define H from the linear fit (e.g. because of a lack of observations around r ∼ 1 AU, or because the photometric slope significantly varies within the observed range of r). In addition, most comets present a somewhat different slope before and after perihelion, hence different pre-perihelion, post-perihelion, and combined linear fits were made in such cases. Therefore, for each comet of the studied sample, we made an educated guess to determine H (based not only on the linear fits, but also taking into account the quality and completeness of the light curve, as well as the observations closer to r ∼ 1 AU, when they existed). The results are presented in Table 3 . For a certain number of comets it was not possible to fit equation (2), not even estimate H from m h estimates around r ∼ 1 AU, due to the poor observational data. For these comets we estimated H 10 instead of H from the scarce observations lying relatively far from r ∼ 1 AU. For a few of these comets that lacked visual observations, we had to estimate m h from CCD observations by using the empirical relation (cf. above): m vis = m CCD − 1.5. After the processing of the observational data, we were able to estimate H for 122 LPCs of the selected sample. The results are presented in Table 3 .
In order to assess the uncertainty of our H estimates, we define four quality classes (hereafter QC) for the studied comets, according to the features of their respective light curves: the good quality class (QC = A) is assigned to those LPCs which present a good photometric coverage, i.e. a relative large number of visual observations covering a range of heliocentric distances of at least about several tenths of AU, which also includes observations close to 1 AU from the Sun, and enough pre-and post-perihelion observations to define good pre-perihelion and post-perihelion fits to the light curve. Also, a good or a rather good convergence between the different fits (the pre-perihelion, the post-perihelion and the overall fits) around r = 1 AU is also required for a comet's light curve to be qualified as an A type. We estimate an uncertainty ∆H < ∼ 0.5 for our higher quality class comets. We define a fair quality class (QC = B) for those comets with a good number of visual observations but that do not fulfill one or more requirements of the A class, because of a poor convergence of the pre-perihelion and the post-perihelion light curve fits, or because a pre-perihelion (or a post-perihelion) linear fit was not possible, or because it is necessary to extrapolate by some hundredths AU to estimate H, or because the comet exhibits a somewhat non-smooth photometric behavior (e.g. a small outburst), slightly departing from a linear fit in the m h vs. log(r) domain. We estimate an uncertainty 0.5 < ∼ ∆H < ∼ 1.0 for the B class. We define a poor quality class (QC = C) when the number or the heliocentric distance range of the observations are not good enough to properly define a linear fit to any branch, or when although a linear fit to at least one of the branches can be determined, it is necessary to extrapolate by several tenths of AU to estimate H, or because of a lack of observations around r = 1 AU for both branches, or because the comet exhibits a non-smooth photometric behavior (e.g an outburst). We estimate an uncertainty 1.0 < ∼ ∆H < ∼ 1.5 for the C class. Finally, we define a very poor quality class (QC = D) for those comets with an insufficient number of observations for which an analytic extrapolation (assuming a photometric index of n = 4) was needed to estimate the absolute total magnitude. Besides, in some of these cases it was necessary to convert CCD magnitudes to visual magnitudes as explained above. These are the most uncertain estimates of H, which may be ∆H > ∼ 1.5. The QC code assigned to each comet of the studied sample is shown in Table 3 . Examples of light curves of QCs A, B, C, D are shown in Fig. 1 . The plots for the remaining comet light curves of our sample covering the period 1970-2009 can be seen in http://www.astronomia.edu.uy/depto/material/comets/. 
Comparison between our magnitude estimates and previous ones
As a check to evaluate how our estimated absolute total magnitudes compare with previous determinations, we used a set of comets observed during the 1970s for which we have both, our own estimates and previous ones, essentially from Vsekhsvyatskii, Whipple, Meisel, and Morris (loc. cit.). As we can see in Fig. 2 , the mean value of the differences is close to zero, and only four comets (from a sample size of fifteen) present differences larger than 1 σ (i.e. differences between about 0.5 and 1.5 magnitudes). We then conclude that our estimates are consistent with those from previous authors, which make us confident that we are not introducing a significant bias in the H estimates, when we combine those from our comet sample for the period 1970-2009 with estimates from other authors for older comet samples.
The discovery rate
We plot in Fig. 3 the discovery year of LPCs with q < 1.3 AU for the period 1900-2009 versus their absolute total magnitudes. We see that most magnitudes are below H ≃ 12, and We also note in Fig. 3 that the density of points for the discovered comets tends to increase somewhat with time. We actually note three regions: the less dense part for the period 1900-1944, an intermediate zone for , and the most dense part for 1985-2009. The fact that the increase has been only very moderate for the last century, and that it has been kept more or less constant for the last 25 years, suggests us that the discovery rate has attained near completion, at least for magnitudes H < ∼ 9. We have also investigated possible observation selection effects that may have affected, or are still affecting, the discovery rate. We will next analyse this point.
The Holetschek effect
The potential discovery of LPCs (i.e. comets that have been recorded only once during the age of scientific observation) is a function of its brightness (which depends on the perihelion Since NEAs are inactive bodies, "total" means nuclear magnitude in their case. distance) and the comet-Earth-Sun geometry. The Holetschek effect is the best known one (e.g. Everhart 1967a , Kresák 1975 , and is associated with the fact that comets reaching perihelion on the opposite side of the Sun, as seen from the Earth, are less likely to be discovered. This effect essentially affects comets in Earth-approaching or crossing orbits, as is the case of our sample. In Fig. 4 we show the differences in heliocentric longitude ∆l between the comet and the Earth computed at the time of the comet's perihelion passage (the ephemeris data were obtained from JPL Horizon's orbital integrator). We can see that the Holetschek effect is important for comets observed between 1900 and 1944; it is less important for comets observed between 1945 and 1984, and negligible for comets observed between 1985 and 2009, i.e. when dedicated surveys with CCD detectors began to operate. Hence, we consider the subsample of LPCs observed between 1985 and 2009 as an unbiased sample, at least as regards to this effect.
The Northern-Southern asymmetry
We have also investigated if it was a dominance of northern discoveries against southern ones. The distribution of the sine of the comet's declination δ at discovery does not show a significant drop for high southern declinations (δ < -30
• ), hence we conclude that the unequal coverage of the northern and southern hemispheres has had little effect on comet discovery, at least for LPCs with q < 1.3 AU discovered during the last century. within the different periods to comets century −1 . We found that within a certain range of H, log 10 N <H could be well fitted by a linear relation, namely
where C is a constant, and the slope was found to be α = 0.56 ± 0.10 for comets with 4.0 ≤ H < 5. . We note that we used all the observed comets for the period 1985-2009 for deriving the slopes of equation (3), including the most uncertain quality class D. We then checked the previous results by considering only the quality classes A, B and C, leaving aside D-quality comets. We found very minor changes, of a couple of hundredths units in the slopes at most, so we decided to keep the results for the complete sample.
We found similar behaviours for the other sub-samples, namely a steep slope up to H ∼ 6, and then a smooth slope up to H ∼ 8.6. Yet, the derived values are somewhat lower: α ∼ 0.35 − 0.47 for the first leg, and α ∼ 0.16 − 0.19 for the second one, but we should bear in mind that these sub-samples are presumably incomplete, thus affecting the computed values of α. We may further argue that because fainter comets are more likely to be missed than brighter ones, the biased cumulative magnitude distributions may be flatter than the real ones, thus explaining the lower values of α computed for the older sub-samples. 
The ancient comets
An inspection of the overall sample of Fig. 5 (lower right panel) suggests us that the cumulative distribution of comets brighter than H ≃ 4 tends to flatten, in other words, it seems to be more bright comets than expected from the extrapolation to brighter magnitudes of the steep slope found for magnitudes 4.0 ≤ H < 5.8. Unfortunately the number of comets with H < 4 observed during 1900-2009 is too low to draw firm conclusions. To try to advance in our knowledge of the brighter end of the magnitude distribution, we had to resort to a comet sample observed over a longer time span. We then assembled a sample of LPCs brighter than H = 4.5 observed during 1500-1900. Our main source was Vsekhsvyatskii's (1964a) catalogue, complemented with information provided by Kronk and Hasegawa. Even though we may consider the photometric data of ancient comets of lower quality, as compared to those for modern comets, for the time being it is the only source of information available, and we hope from this to gain insight into the question of what is the magnitude distribution of the brighter comets. Fig. 6 shows the discovery rate of LPCs with q < 1.3 AU brighter than H = 4.5 discovered over the period 1500-2009. We observe a rather constant flux, at least from about 1650 up to the present (that roughly corresponds to the telescopic era when photometric observations became more rigorous), which suggests that the degree of completeness of the discovery record of bright comets has been very high since then. and 1800-2900, respectively, while for H = 3.2 the respective values decrease somewhat to 0.28 and 0.24, respectively. The slight increase in the computed slope as we pass from a limit at H = 3.2 to H = 4 may be explained as due to the approach to the knee found at H ∼ 4 and the transit to a much steeper slope for fainter comets. We also find that the computed slopes for the most restricted sample 1800-2009 are somewhat higher than the ones obtained for the whole sample 1650-2009, which may de due to the greater incompleteness of the older sample for 1650-1800.
We have also checked the robustness of our computed results by considering two extreme cases: one that includes the brightest comet Hale-Bopp, and the second one that removes the two brightest comets (Hale-Bopp and C/1811 F1 with H = 0). In the first case we get values for the slope in the range 0.17-0.24; for the second we get values between 0.33-0.38. As a conclusion, from the analysis of different sub-samples, that contemplate different ranges of H and two periods of time, we can derive an average slope aroud 0.28 with an estimated uncertainty ±0.1.
The overall sample
We show in Fig. 8 We can convert the cumulative magnitude distribution law: log 10 N <H = C + αH, into a cumulative size distribution (CSD) law, N >R , by means of the relation between the radius R and H given by equation (1) . We obtain
where A is a normalization factor, the exponent s = α/b, and b = 0.13 (cf. equation (1)). Likewise, from equation (1) we can convert the magnitude ranges into ranges of R, as shown in Table 4 . We can also see in the table the values of the parameters A and s obtained for the best-fit solutions. With the A values of Table 4 we obtain cumulative numbers expressed in comets century −1 .
As mentioned in the Introduction, there have been a few attempts before to derive the magnitude distribution of LPCs, and in some cases also their sizes. The knee in the Hdistribution at H ≃ 6 is a well established feature (e.g. We can also compare our derived CSD for LPCs with those derived for other populations. The sample of JFCs considered by these authors covered a range of radii from sub-km to several km, i.e. it roughly overlaps part of our first leg of brighter comets, the second and third leg, for which we derived exponents of 2.15, 4.31 and 1.54 respectively.
More light can be shed from theoretical models. For instance, Dohnanyi (1969) derived an exponent s = 2.5 for a population in collisional equilibrium. Kenyon and Bromley (2012) have considered a protoplanetary disk divided in 64 annuli covering a range of distances to the central star between 15-75 AU. Then the authors simulate the evolution of a swarm of planetesimals distributed among the different annuli in order to follow a predetermined surface density law for the disk. The population goes through a process of coagulation and fragmentation leading to a few oligarchs (large embryo planets), and a large number of small planetesimals that will largely evolve through destructive collisions. What is suggestive for our study is that the authors find an exponent s = 2 for the CSD of the evolve population that remains in the range R ∼ 10 − 100 km, while the exponent is somewhat higher than 2 in the range 1-10 km. Then, Kenyon and Bromley's (2012) results match very well our computed value of s = 2.15 for the brighter LPCs with H < 4 (R > ∼ 2.4 km). Furthermore, the population of larger comets might precisely be the one that best preserves its primordial size distribution. As we will see below, smaller LPCs may have gone through recent phenomena upon approaching the Sun, as e.g. splitting into two or more pieces, fading into meteoritic dust, that has greatly changed its primordial distribution, as shown in Fig. 8 .
New comets among the observed LPCs
New comets are usually considered to be those with original energies in the range 0 < E or < 10 −4 AU −1c , which appear as a spike in the E or -histogram of LPCs, as first pointed out by Oort (1950) . Since the typical energy change by planetary perturbations is >> 10 −4 AU −1 , these comets are presumably new incomers in the inner planetary region. Admittedly this may not be true in all cases. By integrating the orbits of "new" comets backwards to their previous perihelion passages, considering planetary perturbations and the tidal force of the galactic disk, Dybczyński (2001) found that nearly 50% of the so called new comets actually passed before by the planetary region with q < 15 AU. From these results he proposed a new definition of new comet based on the condition that the perihelion distance of the previous passage had to be q pre > 15 AU, thus discarding the criterion based on the original energy. Yet Dybczyński's definition has its own shortcomings. Firstly, the computed q pre strongly depends on the modeled galactic potential, and on the almost unknown stellar perturbations. Furthermore, the boundary at q = 15 AU to discriminate between "new" and "old" comets is rather arbitrary. By shifting this value upward or downward we can get different new/old ratios. Therefore, we will stick to the classic definition of new comet based on its original energy, on the dynamical criterion that such a comet comes from the Oort cloud and, thus, has been greatly influenced in its way in by the combined action of galactic tidal forces and passing stars. Evolved comets will then be defined as those with binding energies above 10
AU −1 , so they are no longer influenced by external perturbers. They have already passed before by the inner planetary region (interior to Jupiter's orbit).
The observed fraction of new comets in the incoming flux of LPCs
We considered in the first place our sample of LPCs for the period 1900-2009. Unfortunately, reliable computed original energies are available for only a fraction of them. Many comets, mainly those observed prior to about 1980, do not have computed values of E or . Therefore, we also analysed the more restricted -though more complete-sample of LPCs brighter than H = 9 discovered in the last quarter of century . Following other authors (Francis 2005 , Neslušan 2007 ), we also considered more restricted samples from sky surveys that are presumably less biased, and that have computed E or for most of their members. Since our main interest here is to derive the ratio new-to-evolved LPCs, and not so much their absolute magnitudes, for the sky surveys we considered comets covering a much wider range of perihelion distances (0 < q < 4 AU) under the assumption that up to q ≃ 4 AU the detection probability was quite high. In short, we analysed the following samples:
• LPCs with P > 10 3 yr and q < 1.3 AU observed during the period 1900-2009 (232 comets).
• LPCs with P > 10 3 yr, q < 1.3 AU, and brighter than H = 9 for the period 1985-2009 (68 comets).
c The usual convention is that the energies of elliptic orbits are negative though, for simplicity, in what follows we will take them as positive.
• LPCs with P > 10 3 AU and q < 4 AU discovered by LINEAR (73 comets).
• LPCs with P > 10 3 AU and q < 4 AU discovered by other large sky surveys (Siding Spring, NEAT, LONEOS, Spacewatch, Catalina) (45 comets Tables 2 and 3 . Let n LP C = n new + n ev be the total number of LPCs, comprising both new and evolved LPCs which are given by the quantites n new and n ev , respectively. From the n new /n LP C ratios found for the different samples, as shown in Fig. 9 , we found as an average
or n new /n ev ∼ 0.43, namely, for about 7 evolved LPCs with P > 10 3 yr we have approximately 3 new comets.
The error bars of the derived values shown in Fig. 9 take into account only the uncertainty within the considered sample due to LPCs of unknown or poorly determined E or . However, it does not consider the uncertainty inherent to the finite size n of our samples of random elements (that goes as n 1/2 ). How the different error sources play is a complex matter, but we still consider that the uncertainty associated to, or lack of computed values of E or , may be the principal one.
The theoretically expected new/evolved LPCs ratio as a function of the maximum number of passages
Let us assume that we have an initial population of n new comets injected in orbits with q < 1.3 AU. About half of this population will be lost to the interstellar space, and about half will return as evolved LPCs, in general with bound energies E > 10 −4 AU −1 . After the second passage, these returning comets can either be ejected or come back with a different bound energy, and the same process will repeat again in the following passages. The energies that bound comets get in successive passages can be described as a random walk in the energy space, in which in every passage a given comet receives a kick in its energy due to planetary perturbations. After N passages the number n N that will remain bound to the solar system is (e.g. Fernández 1981 Fernández , 2005 )
The total number of returns of the n new comets as evolved LPCs, n ev , can be computed by summing the returning comets between N = 1 and a maximum number of passages N max that is set either by the physical lifetime of the comet, or by the dynamical timescale (expressed in number of revolutions) to reach an orbit with P < 10 3 yr (or a binding energy E > 10 −2 AU −1 ), namely
Since n ev /n new ≃ 7/3, from equation (7) we find that
This result is in good agreement with that found by Wiegert and Tremaine (1999) from numerical simulations of fictitious Oort cloud comets injected into the planetary region with different fading laws. These authors obtained as the best match to the observed distribution of orbital elements a survival of roughly 6 orbits for the 95% of the comets, while the remainder 5% did not fade. We may argue that this 5% of more robust comets are associated with the largest members of the comet population.
The random walk in the energy space, where each step has a typical change ∆E t ∼ 10 −3 AU −1 , allows us to estimate the typical number of passages N dyn required to reach an energy E > E L = 10 −2 AU −1 (or a period P < 10 3 yr)
We find that N max << N dyn , i.e. most comets will be destroyed by physical processes (sublimation, outbursts, splittings) before reaching energies > E L .
Comets coming from the outer and from the inner Oort cloud
Among the new comets, we distinguish in turn those coming form the outer Oort cloud, with energies in the range 0 < E or < 0.3, from those coming from the inner Oort cloud, with energies in the range 0.3 ≤ E or < 1 (both in units of 10 −4 AU −1 ). Outer Oort cloud comets (semimajor axis a > ∼ 3.3 × 10 4 AU) can be driven from the outer planetary region to the inner planetary region in a single revolution by the combined action of galactic tidal forces and passing stars, so they can overshoot the powerful Jupiter-Saturn gravitational barrier (e.g. Fernández 2005 , Rickman et al. 2008 ). On the contrary, the stronger gravitationally bound comets in the inner Oort cloud will require more than one revolution to diffuse their perihelia to the inner planetary region, so they will meet in their way in the Jupiter-Saturn barrier, with the result that most of the comets will be ejected before reaching the near-Earth region. From the study of the discovery conditions of a sample of 58 new comets discovered during 1999-2007, Fernández (2009) found that comets in the energy range 0 < E or (10 −4 AU −1 ) < 0.3 show a uniform q-distribution, as expected from comets injected straight into the inner planetary region from a thermalised population, while the q-distribution of comets with original energies 0.3 < E or (10 −4 AU −1 ) < 1 show an increase with q which may be attributed to the Jupiter-Saturn barrier that prevents most of the inner Oort cloud comets from reaching the inner planetary region. As a corollary, we infer that the ratio outer-to-inner Oort cloud comets derived for the Earth neighbourhood should decrease when we consider new comets beyond Jupiter.
We note than when we talk about comets coming from a given region, we mean the region attained during the last orbit. As shown by Kaib and Quinn (2009), a comet from the inner Oort cloud whose perihelion approaches the Jupiter-Saturn barrier can receive a kick in its energy that sends it to the outer Oort cloud where the stronger galactic tidal forces and stellar perturbations can deflect it to the near-Earth region, overcoming in this way the Jupiter-Saturn barrier. Therefore, we cannot tell for sure if a comet has resided for a long time in the outer or inner Oort cloud, but only the place from where it comes in the observed apparition. It is very likely that Kaib and Quinn's mechanism provides a steady leaking of comets from the inner to the outer Oort cloud.
The estimate of the ratio outer-to-inner is a very complex matter since we are dealing with very narrow energy ranges (∆E ≃ 0.3 × 10 −4 AU −1 for the outer Oort cloud, and ∆E ≃ 0.7 × 10 −4 AU −1 for the inner Oort cloud), so the errors in the computation of original orbital energies may be of the order of these ranges. Even though the formal errors of the computed original orbital energies of comets of quality classes 1A and 1B in Marsden and Williams's (2008) catalogue are ±5 and ±12 (in units of 10 −6 AU −1 ), respectively, unaccounted nongravitational (NG) effects may shift the computed E or by several tens of units, as shown by Królikowska and Dybczyński (2010) . We will neglect NG forces for the moment, and come back to this complex issue below. In Table 5 we show the outer-to-inner ratio of QC 1A comets. We consider three ranges of perihelion distances: 0 < q ≤ 1.5 AU, 1.5 < q ≤ 3.0 AU, 3.0 < q ≤ 4.5 AU. The available samples are very likely incomplete, though we hope that the incompleteness factor is similar for comets from the inner and from the outer Oort cloud, so the ratio will remain more or less constant.
There is a slight predominance of new comets coming from the outer Oort cloud than from the inner Oort cloud in the first two q ranges. In the most distant one the situation reverses and there are more comets coming from the inner Oort cloud. As said above, the outer-to-inner ratio does not have to keep constant throughout the planetary region. On the contrary, as q increases it is expected that more comets from the inner Oort cloud will be present as we pass over and leave behind the Jupiter-Saturn barrier. We have also checked the outer-to-inner ratios for the sample of QC 1B comets despite their lower quality. We find 9:9, 6:6 and 1:4 for the ranges 0 < q ≤ 1.5 AU, 1.5 < q ≤ 3 AU, and 3 < q ≤ 4.5 AU, respectively. The trend remains more or less the same: we may argue that the slight decrease in the outer-to-inner ratios from 1A to 1B comets for the first two ranges, 0 < q ≤ 1.5 AU and 1.5 < q ≤ 3 AU, is due to some blurring in the computed original orbit energies of the lower quality class 1B comets. If there is some reshuffling, it will be more likely that errors will put an outer Oort Cloud comet in the energy range of inner Oort Cloud comets than the other way around, simply because the width of the inner Oort Cloud energy range is more than twice that of the outer Oort Cloud.
Let us call n in and n out the number of new comets coming from the inner and outer Oort cloud, respectively, such that n new = n in + n out . From the previous analysis, we find that n out may be a little above n in in the zone closer to the Sun (say q < ∼ 3 − 4 AU) with an error bar that may leave the lower end slightly below one, so we can estimate
Let us now come back to the problem of unaccounted NG forces that might affect the E or values computed by Marsden and Williams (2008) . Królikowska and Dybczyński (2010) and Dybczyński and Królikowska (2011) have recomputed the orbits of "new" comets, as defined by Marsden and Williams, including NG terms in the equations of motion. The authors find that the inclusion of NG forces tends to shift the computed E or to greater values (smaller semimajor axes). This shift could affect the computed ratio n out /n in , as some comets will move from original hyperbolic orbits to the Oort cloud, and others from the Oort cloud to evolved orbits. Królikowska and Dybczyński (2010) computed original orbits of comets with E or < 10 −4 AU −1 and q < 3 AU, whereas Dybczyński and Królikowska (2011) considered those with q > 3 AU. While the orbits computed with NG forces were the best for the first case, for comets with q > 3 AU only 15 out of 64 comets presented measurable NG forces. Altogether, they assembled a sample of 62 comets whose computed original energies (mostly NG solutions) fall in the range 0 < E or < 10 −4 AU −1 . From these computed set of energies, we find that 26 comets come from the outer Oort cloud (E or < 0.3 × 10 −4 AU −1 ), and 36 from the inner Oort cloud. If we limit the sample to comets with q > 3 AU, less affected by NG forces, the numbers are: 20 from the outer Oort cloud and 18 from the inner Oort cloud, i.e. an n out /n in ratio slightly above unity. If we now extrapolate this result to smaller q, we should expect a slight increase of this ratio (see discussion above), though still compatible with the one shown in equation (10) .
tions, thus producing daughter comets that may be discovered as independent comets. We have several cases of comet pairs among the observed LPCs which are shown in Table 6 . We include in the table only those comets whose splittings are attributed to endogenous causes, namely we are leaving aside comets that tidally split in close encounters with the Sun or planets.
The splitting phenomenon is a consequence of the very fragile nature of the comet material. For instance, from the tidal breakup of comet D/1993 F2 (Shoemaker-Levy 9) in a string of fragments, Asphaug and Benz (1996) found that the tidal event could be well modeled by assuming that the nucleus was a strengthless aggregate of grains. The high altitudes at which fireballs (of probable cometary origin) are observed to disrupt also lead to low strengths between ∼ 10 3 -10 5 or 10 6 erg cm . The released energy can go into the sublimation of some water ice and the liberation of the CO molecules, trapped in the ice matrix, that propagate within the network filling the voids, thus building a nucleus-wide gas pressure able to disrupt a weakly consolidated body. As the self-gravity scales as R 2 , larger comet nuclei might be able to hold the fragments together. Therefore, we may infer that there is a critical radius below which the breakup with dispersion of fragments occurs, since the self-gravity is too weak to reassemble the fragments. Fig. 10 depicts possible physical pathways for comets of different sizes that summarize what we have discussed in this paper. Large comets (about ten-km size or larger) can survive for hundreds or thousands of revolutions so they may reach old dynamical ages (Halley types). Large comets are essentially lost by hyperbolic ejection. Medium-size comets (several km) does not have enough gravity field to avoid the separation of fragments upon breakups which may lead to the production of daughter comets that continue their independent lives until disintegration or ejection. Small comets (about one km) can last several passages until disintegration without producing daughter comets (namely fragments are too small to last for long enough to be detected as independent comets). Finally, very small comets (some tenths km) quickly disintegrate after one or a few passages at most.
A numerical model
We developed a simple model to simulate the dynamical and physical evolution of cometary nuclei of different sizes entering in the inner Solar System from the Oort Cloud. Our aim was to try to reproduce, in a qualitative sense and broad terms, the observed size distribution (as inferred from the absolute magnitude distribution of the observed LPCs shown in Fig. 8 ). We performed numerical simulations for large samples of fictitious comets with initial parabolic orbits (original orbital energies E = 0), random inclinations, and a perihelion distance q = 1 AU, varying the nuclear radius from 0.5 km up to 50 km, with a size bin of 0.25 km, so we considered 198 initial radii. For every initial radius, we computed samples of 10 4 fictitious comets, so we studied a total of 198×10 4 comets for each one of the runs (that have associated the sets of initial conditions shown in Table 7 ). In every passage of a test comet by the planetary region, we compute the orbital energy change ∆E due to planetary perturbations. The perihelion distance and the angular orbital elements were assumed to remain constant through the simulation, as they are little affected by planetary perturbations. We assumed that ∆E followed a random Gaussian distribution (e.g. Fernández 1981), with a mean value = 0 and a standard deviation σ E = 7 × 10 −4 AU −1 . We note that the only purpose for assuming a "random inclination" for the comet's orbit is to adopt an inclination-averaged value of σ E . The simulations were terminated when the test comets reached one of the following end states:
• they became periodic, i.e. they reached an orbital energy ≥ 10 −2 AU −1 , corresponding to a orbital period P ≤ 10 3 yr;
• they were ejected from the Solar System, i.e. they reached (in our convention of sign) a negative orbital energy;
• they were disintegrated after several passages due to sublimation, i.e reached a radius below a certain minimum radius R min = 0.25 km; or
• they reached a maximum number of 2000 orbital revolutions.
The following model parameters were allowed to change in each simulation:
• the radius decrease ∆R per perihelion passage, due to sublimation and other related effects, as for instance outbursts and release of chunks of material from the surface. We adopted for the radius decrease the following expression: ∆R = λ∆R s , where λ is a dimensionless factor, and ∆R s is the decrease in the radius due to sublimation of water ice, which for a nucleus of bulk density ρ is given by
where ∆m s is the mass loss per unit area due to sublimation. This quantity can be computed from the polynomial fit by Di Sisto et al. (2009) . We solve equation (12) for q = 1 AU, that was our adopted perihelion distance for the test comets, and took ρ = 0.4 g cm −3 for computing ∆R s from equation (11).
• a lower and an upper limit radii (R sp1 and R sp2 , respectively) for the occurrence of splitting leading to the creation of two daughter comets. In other words, if the comet reached a radius within the range [R sp1 R sp2 ], it was allowed to split in a pair of comets of a half the mass of the parent comet each, with a certain frequency f sp .
• the frequency of splittings f sp .
In some simulations, we added a few more parameters: an intermediate critical radius R spi , between R sp1 and R sp2 , and two frequencies "high" and "low", f sph and f spl , respectively, instead of f sp . Under these conditions, comets with radii R sp1 < R < R spi were allowed to split with a frequency f sph , and comets with R spi < R < R sp2 with a frequency f spl .
We show in Table 7 the initial conditions chosen for our four runs of 198 × 10 4 fictitious comets each. Fig. 11 illustrates the physico-dynamical evolution of one of our samples of 10 4 comets with an initial radius R = 6 km taken from Run 2. All the comets are injected in parabolic orbits (E = 0) (lower right corner of the panel). The survivors return in orbits of different bound energies E and decreasing radii R due to erosion. The evolution can be seen as a diffusion in the parametric plane (R, E). The different colours represent the different number of passages with a given combination of R and E. As the comets get dynamically older (a greater average number of passages), their radii decrease by erosion. This is the reason why the diffusion proceeds from the lower right corner to the upper left side of the diagram.
When the model comets decreased their radii below R sp2 = 5 km, they were allowed to split in two daughter comets with a frequency of one every 20 passages. The splitting event is random, so this was simulated by picking a random number z within the interval (0, 1), and imposing the condition that the splitting occurred if z < 0.05. The production of daughter comets gives rise to a second wave of comet passages toward the left-hand side of the diagram. Comets that reached radii below R sp1 = 1.8 km were assumed to proceed to disintegration without producing daughter comets. Once we computed the 198 samples of different initial radii R i of a given run, we assembled the R i samples into a single comet population. We next tried to match the differential R-distribution of this population to an assumed differential radius distribution n R = dN R /dR ∝ R −ν , where we adopted ν = s + 1 = 3.15, namely the same index as that derived for the largest comets (cf. Section 4.3), that we assumed for our model as the representative of the Oort cloud population. In other words, we assume that the largest observed LPCs have been preserved almost unscathed since their injection into the inner planetary region, so their observed CSD reflects that of Oort cloud comets, and that it extends to smaller comets in the Oort cloud, down to the smallest radius considered in our model. Since all the samples have 10 4 comets (and thus provide an uniform differential R-distribution), we transformed it to an R-distribution ∝ R −ν just by multiplying a given sample of radius R i by the scaling factor R −ν i . By adding the different samples of R i , scaled by R −ν i , we can obtain the cumulative distribution for the sample of new + evolved comets. Fig. 12 shows the cumulative distribution of the nuclear radius (evolved as well as new comets), with both axes in logarithmic scales, corresponding to the Run 2. The model parameter values for this simulation were: ∆R = 0.025 km (λ ≃ 7.7), f sp = 1/20, R sp1 = 1.8 km, and R sp2 = 5.0 km. A size bin of 0.025 km was used. We can see that the slope of the largest comets = +2.3 is not very different from the primordial one (+2. 15 ). Yet, in the region where daughter comets are created the slope raises to +3.3. The model slope is still lower than the one derived before (+4.31) for the range of radii between 1.4 -2.4 km, which suggests that splitting may not be the only cause for the change of slope at H ∼ 4, and that other cause (primordial?) may add to the previous one. We obtained a ratio n new /n LP C = 0.22 for this simulation. The computed ratio is still lower than the observed one (0.30, cf. equation (5)), which suggests that we still require higher erosion rates per orbital revolution: ∆R > 0.025 km, or λ > 7.7, to match the observed ratio n new /n LP C . This ratio decreased to about 0.07 for comets with radii R > 2.75 km, which is to be expected since large comets have very likely longer physical lifetimes, thus yielding more passages as evolved comets per new comet. As expected, the match between the computed and the observed ratios n new /n LP C worsened when we considered lower erosion rates. We obtained n new /n LP C = 0.16 when we changed to ∆R = 0.0125 km (λ ≃ 3.9), while the slopes remain almost unchanged. For ∆R = 0.00625 km (λ ≃ 1.9), R sp1 = 1.8 km, R spi = 3.4 km, f sph = 0.1, and f sl = 0.05, we obtained n new /n LP C = 0.12, again with slopes close to -3.3 and -2.3. As seen, the results for the cumulative R-distribution are quite robust, almost independent of the adopted erosion rate. On the other hand, the differences in the computed ratio n new /n LP C are quite substantial from run to run.
Summary and conclusions
The most important results of our work can be summarised in the following points: 4. Comets fainter than H ∼ 5.8 may be too small to survive for more than one or a few passages, so parent comets as well as their daughters might go through a fast fading process, thus explaining the flattening of the cumulative H-distribution.
5.
The cumulative H-distribution flattens even more for LPCs fainter than H ≃ 8.6, reaching a ceiling at H ∼ 12 (diameter ∼ 0.5 km). We suggest that the scarcity of extremely faint LPCs is a real phenomenon, and not due to observational selection effects. This is supported by several sky surveys which have been very successful at discovering a large number of very faint NEAs (absolute magnitudes ∼ 14 − 25) in cometary orbits, but failed to discover a significant number of faint LPCs.
6. The fraction of new comets within the LPC population with q < 1.3 AU is found to be 0.3 ± 0.1, namely we have about 3 new comets for every 7 evolved ones. This implies that the average number of returns of a new comet coming within 1.3 AU from the Sun is about 2.3.
7.
The ratio between new comets coming from the outer Oort cloud to those coming from the inner Oort cloud, within 1.3 AU from the Sun, is found to be: 1.1 ± 0.02.
8. We have simulated the physical and dynamical evolution of LPCs by means of a simple numerical model. We find that erosion rates greater than about 8 times the free sublimation rate of water ice are required to match the observed new-to-evolved LPCs ratio. With a splitting rate of one every 20 revolutions, we find an increase in the slope for intermediate brightness comets from 2.3 to 3.3. Even though there is an agreement in qualitative terms, the computed increase in the slope falls short of reproducing the observed slope: 4.31 for comets of this size range. Therefore, other effects might be at work to explain such an increase as, for instance, primordial causes (namely related to the accretion processes and collisional evolution), or the production of multiple fragments that might survive several revolutions as independent comets. As suggested by Stern and Weissman (2001) , the scattering of cometesimals by the Jovian planets to the Oort cloud was preceded by an intense collision process between cometesimals and their debris. This process could have led to a heavily fragmented population of comets, just in the size range of a few km. Comets with radii R > ∼ 5 − 10 km could have suffered catastrophic collisions, but their gravitational fields were powerful enough to reaccumulate the majority of their fragments, thus preserving their primordial size distribution, though with an internal structure like a 'rubble pile' (e.g. Weissman 1986 ). If the initial comet population with radii in the range ∼ 1 − 10 km was collisionally relaxed, then the slope of the CSD was close to s = 2.5 (e.g. Dohnanyi 1969, Farinella and Davis 1996) . Yet, since bodies with R > ∼ a few km reaccumulated their fragments, the primordial CSD of slope s ≃ 2.15 might have been preserved, thus reflecting the coagulation/fragmentation conditions in the early protoplanetary disk (Kenyon and Bromley 2012). Therefore we might argue that when the scattered cometesimals reached the Oort cloud, they already had a bimodal size distribution. Breakups into daughter comets during passages into the inner planetary region might only enhance an already existing bimodality in the size distribution. No doubt, this is a point that deserves further study. 
